Motivation : Several theoretical comparisons with experimental data have recently pointed out that the mass tensor of the collective Bohr Hamiltonian cannot be considered as a constant and should be taken as a function of the collective coordinates.
Introduction
The coupling between rotational and vibrational motions in even-even heavy nuclei has been duly investigated in the frame of the Davydov-Chaban [1] and Bohr-Mottelson models [2, 3, 4] . The Davydov-Chaban Hamiltonian, which depends only on the collective coordinate β and three Euler angles, is generally appropriate for nonaxial even-even nuclei, which are soft with respect to β vibrations of the nuclear surface. Such a Hamiltonian has motivated the idea of elaborating the Z(4) symmetry [5] by taking γ=π/6 and deriving the X(3) symmetry from the X(5) one by freezing the variable γ≈0 [6] . For both Z(4) and X(3), an infinite square well potential has been used for the β variable. Also, it has been applied for treating γ-rigid nuclei by making use of different model potentials for describing β-vibrations like, for example, the harmonic oscillator [7] , the sextic potential [8, 9] , the quartic oscillator potential [10] and the Davidson one within X(3) symmetry [11, 12] . Recently, this Hamiltonian has been used as a first application of the minimal length formalism in nuclear structure [13] . Besides, in order to improve the numerical realization of the Davydov-Chaban Hamiltonian for even-even nuclei, one can refer to the utilization of the above cited minimal length formalism [14] or the deformation dependent effective mass one (DDMF) [15, 16] . This latter, by introducing a new parameter in the model, becomes able to generate improved numerical data particularly for energy spectra [17, 18] . However, here one has to notice that such a new model parameter should not be regarded as a simple additional one for fitting experimental data, but as a model's structural one as it has been shown in [19] . In the present work, we intend to apply Davydov-Chaban Hamiltonian in the framework of DDMF with the Davidson [20] potential for β-vibrations. We will proceed to a systematic comparison of the obtained results, by the presently elaborated model being called Z(4)-DDM-D, for energy spectra and electromagnetic transition probabilities of even-even Pd, Xe, Ce and Pt isotopes, with the available experimental data and some theoretical models. The inside comparison between the obtained results of Davidson potential will also be treated showing the effect of deformation dependent mass parameter as well as the centrifugal potential on different spectral bands. Moreover, we will address the similarity issue between our model and the E(5) symmetry [21] related to the phase transition between vibrational to γ-unstable shape. The Hamiltonian of the newly elaborated model depends on the collective coordinate β and the Euler angles, while the parameter γ is taken to be equal to π/6 allowing to study triaxial nuclei in the limit of the Z(4) symmetry [5] . The formulas for the energy levels as well as for the wave functions are obtained in closed analytical form by means of the asymptotic iteration method [22, 23] . Thanks to its efficiency and easiness, we have already used this method to solve many similar problems [24, 25, 26, 27, 28, 29, 30] . On the basis of the obtained numerical results, by the present model, the staggering effect appearing in energy spectra of triaxial nuclei will also be treated by taking for example the nuclei 114 Pd and 192 Pt. Moreover, we will extend the Variable Moment of Inertia (VMI) model [31] into the presently elaborated model Z(4)-DDM-D in order to study the effect of deformation dependent mass formalism on the variation of moment of inertia in triaxial shape.
The present paper is organized as follows : In Section 2 the position dependent mass formalism is briefly described, and applied to the Davydov-Chaban Hamiltonian in Section 3. The exact separation of the Hamiltonian and the solution of angular equation are achieved in Section 4. The radial equation and analytical expressions for the energy levels of Davidson potential are presented in Section 5, while the wave functions are given in Section 6. The B(E2) transition probabilities are considered in Section 7. Finally, Section 8 is devoted to the numerical calculations for energy spectra, B(E2) transition probabilities, staggering effect and effect of deformation on the variation of moment of inertia in triaxial shape with their comparisons with experimental data, while Section 9 contains the conclusions. An overview of the asymptotic iteration method is given in Appendix A.
Formalism of the position-dependent effective mass
In the general form of the position-dependent effective mass, the mass operator m(x) no longer commutes with the momentum operator p = −ih∇. Therefore, different ways of generalizing the usual form of the kinetic term p 2 /(2m 0 ), in the Hamiltonian H, have been developed. In the following, we adopt Von Roos' scheme [32] , which has the advantage of a built-in Hermiticity. It is given by
where V (x) is a potential and the parameters δ , κ , λ are constrained by the condition δ + κ + λ = −1. The position-dependent mass m(x) is given by [15] 
where m 0 is a constant mass and M (x) is a dimensionless position-dependent mass. The Hamiltonian (1) becomes [15] 
with δ + κ + λ = 2. It is known [15] that this Hamiltonian can be put into the form
with
where δ and λ are free parameters.
The Z(4)-DDM model
In the model of Davydov and Chaban [1] , the nucleus is assumed to be γ rigid. Therefore, the Hamiltonian depends on four variables (β, θ i ) and has the following form [1]
where B is the mass parameter, β the collective coordinate and γ a parameter, while Q k are the components of angular momentum in the intrinsic reference frame and θ i the Euler angles.
In order to construct a Davydov-Chaban equation with a mass depending on the deformation coordinate β, one has to follow the formalism described in Sec. II and to consider
where B 0 is a constant. Since the deformation function f (β) depends only on the radial coordinate β, then only the β part of the resulting equation will be affected. The final result reads
with,
where the reduced energies and potentials are defined as = Considering a total wave function of the form Ψ(β, Ω) = χ(β)φ(Ω), where Ω denotes the rotation Euler angles (θ 1 ,θ 2 ,θ 3 ), the separation of variables gives two equations
where Λ is the eigenvalue for the equation of the angular part. In the case of γ = π/6, the angular momentum term can be written as [33] k=1,2,3
Eq. (11) has been solved by Meyer-ter-Vehn [33] , with the results
where D(Ω) denotes Wigner functions of the Euler angles, L is the total angular momentum quantum number, µ and α are the quantum numbers of the projections of angular momentum on the laboratory fixed z-axis and the body-fixed x -axis, respectively. In the literature, about triaxial shapes, it is customary to insert the wobbling quantum number n w instead of α, with n w = L − α [33, 34] . Within this convention, the eigenvalues of the angular part are written as
Z(4)-DDM-D solution for β part of the Hamiltonian
The β-vibrational states of the triaxial nuclei, having a γ rigidity of π/6, are determined by the solution of the radial Schrödinger equation
Setting the standard transformation of the radial wave function χ(β) = β −3/2 R(β), one get
where
Now, we are going to consider the special case of the Davidson potential [20] 
where β 0 represents the position of the minimum of the potential. According to the specific form of the potential (20), we choose the deformation function in the following special form f (β) = 1 + aβ 2 , a << 1.
By inserting the potential and the deformation function in Eq. (18), one gets
In order to apply the asymptotic iteration method [22, 23, 35] , the reasonable physical wave function that we propose is the following :
For this form of the radial wave function, Eq. (18) reads
Comparing Eq. (26) with Eq. (50) and using Eq. (51), one get the generalized formula of the radial energy spectrum,
where n β is the principal quantum number of β vibrations and
The quantities k 2 , k 0 , k −2 are given by Eq. (23), while Λ is the eigenvalue of angular part given by Eq. (15) . The excitation energies depend on three quantum numbers : n β , n w and L, and four parameters : a the deformation mass parameter, β 0 the minimum of the potential and the free parameters δ and λ coming from the construction procedure of the kinetic energy term [32] . In the last part of the paper, a comparison to the experiment will be carried out by fitting the theoretical spectra to the experimental data. Finally, it will be shown that the predicted energy levels turn out to be independent of the choice made for δ and λ.
The wave functions
The used wave functions in our calculations are given by
The radial function R n β L (β) corresponds to the n th eigenstate of Eq. (18), while the symmetric eigenfunctions of the angular momentum φ L µ,α (Ω) are given by Eq. (14) . To obtain the radial eigenvectors R n β L (β) of Eq. (18), in the case of the Davidson potential, we insert the expression of the energy spectrum Eq. (27) into Eq. (25) . Then, we get the from (24)
where p and q are given in Eq. (28) . After inserting Eq. (30) into Eq. (18), we obtain
The excited-state wave functions of this equation are obtained through Eq. (46),
where N n β L is a normalization constant and 2 F 1 are hypergeometrical functions. To normalize the radial function, we implement the connection between hypergeometrical functions and the generalized Jacobi polynomials by means of Eq. (4.22.1) in [36] . Hence, we obtain the following wave function
1+ay is a new variable. To compute N n β L , we use the usual orthogonality relation of Jacobi polynomials Eq. (7.391.5) of Ref. [37] . This leads to
E2 transition probabilities
Once the analytical expressions of the total wave functions are obtained for both potentials, one can readily compute the B(E2) transition probabilities, using the general case of the quadrupole operator [21] 
where t is a scale factor, while the number appearing in the Wigner functions next to µ represents the angular momentum quantum number α . For triaxial nuclei around γ ≈ π/6, the last expression simplifies to
The B(E2) transition rates from an initial to a final state are given by [38] 
where the reduced matrix element is obtained through the Wigner-Eckart theorem [38] 
In the calculation of the matrix elements of the quadrupole operator (38) , the integral over the Euler angles is calculated via the standard techniques [38] , while the integral over β has the form
since the volume element in the present case corresponds to four dimensions instead of five. Then, the final expression for the B(E2) transition rates reads
This equation is similar to those obtained in Refs. [39, 33] . The three Clebsch-Gordan coefficients (CGCs) appearing in the above equation are constrained by ∆α = ±2 selection rule. In fact, the first CGC is nonvanishing only if α i + 2 = α f , while the second CGC is nonvanishing only if
This condition is fulfiled only in few cases.
Numerical results and discussion
The model elaborated in this work, called Z(4)-DDM-D, involves two free parameters for Davidson potential in β, namely, the potential minimum β 0 and the deformation dependent mass parameter a.
It is worth to notice that the depth of the potential is taken to be equal to unit since it has no effect on energy spectra. Indeed, whatever the value we give to this free parameter, the other two free parameters (β 0 and a) will be renormalized in such a way that the energy remains unchanged. The numerical realization of this model consists in reproducing, with a good precision, the experimental data for energy spectra and B(E2) transition rates for series of 108−116 Pd, 128−132 Xe, 136−138 Pt isotopes in respect to other models predictions. This task is achieved through determination of the optimal values of the free model's parameters by making use of the quality measure :
This quantity represents the rms deviations of the theoretical calculations from the experiment, where N denotes the number of states, while E i (exp) and E i (th) represent the theoretical and experimental energies of the i-th level, respectively. E(2 + g ) is the energy of the first excited level of the ground state band (gsb). The numerical calculations are carried out for ground, β and γ bands of nuclei, bands which are characterized by the following quantum numbers:
• For gsb : n β = 0 and n w = 0;
• For β band : n β = 1 and n w = 0;
• For γ band : n β = 0 and n w = 2 for even L levels and n β = 0 and n w = 1 for odd L levels.
In order to reduce the number of free parameters of our model, the parameters λ and δ entering in the effective potential (23) are chosen to be equal to zero for the same reason cited above for the potential depth.
Level bands and effect of centrifugal potential and deformation dependent mass parameter
In Table (1) , are presented numerical results, for Z(4)-DDM-D with Davidson potential, for energy ratios of the g.s. bandhead R 0,0,4 as well as those of the β and γ bandheads, normalized to the energy of 2 + g level, namely : R 1,0,0 and R 0,2,2 , respectively. The energy ratios R n β ,nw,L are defined by
where the energy n β ,nw,L is given by Eq. (27) . From this table, we see that the obtained results for the levels belonging to g.s., β and γ bands are in a quite satisfactory agreement with experimental data. This statement is judged by the the deviation of theoretical results from the experiment which is represented by σ. Between these nuclei, the smallest σ value is obtained for 112 Pd, while the highest is obtained for 114 Pd mostly because it has more experimental states.
In Table ( 2), are shown results for energy ratios (42) corresponding to different levels in gsb, β and γ bands for 128−132 Pt isotopes compared with those of Z(4)-Sextic model [8, 9] , recalling that this model used a single free parameter, while our model involves two. Here, it is to be noted that, to achieve correctly such a comparison, the experimental data have been taken from Ref. [9] and the used number of states in formula (41) was N instead of N − 1 in order to be conform to the used calculation procedure in [8] and [9] . Thus, one can see that the present results are fairly better than those obtained by Z(4)-sextic model. This is explained by the fact that here the mass parameter depends on the β variable, while in Refs. [8, 9] the mass is considered as a constant. The equation of the Davydov-Chaban Hamiltonian with sextic potential and mass parameter depending on deformation is very difficult to solve due to the quasi-exactly solvable method of the sextic potential. Therefore, the Davidson potential is more appropriate to calculate the energy spectra for triaxial nuclei in the frame of the Davydov-Chaban model with deformation dependent mass. From Table (1), one can also see that the value of deformation dependent mass parameter does not exceed 0.2, which is coherent with the used assumption of small deformations by the model. Moreover, from Table (1), one can see that the deformation dependent mass parameter has no effect (a = 0) for the isotopes 128−132 Xe and 138 Ce.
From Table ( 1), one can observe that our results obtained at the limit of the Z(4) symmetry are close to those for γ-unstable nuclei [17] , obtained at the limit of E(5) symmetry corresponding to the phase transition from the vibrational U(5) to γ-unstable SO(6) symmetry. Such a similarity between both symmetries Z(4) and E(5) has been already revealed in [40] . This similarity is more pronounced in β-band particularly and slightly in the gsb, but regarding the γ band, one can observe a discrepancy between both models. In this case, both models exhibit an energy staggering, the sequencing is exactly opposite [41] . But, in the gsb, the slight difference observed between our results and those for γ-unstable nuclei is due essentially to the centrifugal potential, which is proportional to the rotational angular momentum eigenvalue Λ plus the contribution coming from the centrifugal part of the effective potential involving the parameter β 0 (the minimum of the used collective potential, namely : Davidson). In our model, the effect of such a potential is so important that leads to a large deformation of the nucleus as can be seen from Fig. (1) for probability density. The increase of the magnitude of the centrifugal potential leads to increasing of Ce has a pure harmonic behavior (β 0 = 0). In this particular case, both symmetries Z(4) and E(5) coincide in the g.s. and β bands. Generally, the calculated R 0,0,4 ratios for nuclei with β 0 < 1 are further lower than the corresponding experimental data due to the contribution of the centrifugal part of the effective potential. The combined effect of both deformation dependent mass parameter a and the potential minimum β 0 on energy spectra is illustrated in Fig. (2) . One can see that outside DDMF (a=0) (panel a), the energy ratios in the gsb and the β-band are degenerate for β < β 0 and relatively constant, while beyond the minimum β 0 , the energy ratios in both bands start to increase particularly for higher angular momentums due to the centrifugal potential as explained above. Indeed, in the region of β < β 0 , the centrifugal potential effect balances that of the H.O. part in Davidson potential (see Fig. (2) ) preseving a constancy in energy variation, while in the region of β > β 0 , the effect of H.O. potential part outweighs that of the centrifugal one. Thus, the energy levels are pushed so higher. But, in the case of a = 0 (panel b), the observed degeneracy in panel (a) is slightly lifted. In addition, one can observe a damping effect on the β-band levels. Such an effect leads to improved results in this band as can be seen in Table (1) . Panels (c) and (d) show the energy ratios for L even and L odd in γ-band, in both cases a = 0 and a = 0, respectively. Here, one can also see a relative constancy of the energy ratios for β < β 0 and an apparent increase for β > β 0 particularly for higher even L values. Unlike the β-band, here we do not observe a significant effect of deformation dependent mass parameter.
Staggering effect
The odd-even staggering of the energy levels within the γ-band, which is considered as a sensitive signature for triaxiality structure, is described here by the following quantity [40, 41, 42] 
Such a quantity measures the displacement of the (J − 1) + γ level relatively to the average of its . From Ref. [41] it was shown that for the starting value S(4) for γ-unstable model, one has −2 < S(4) < −1. For axial γ-stable, S(4) ≈ 0, S(4) = 0.33 for the axially symmetric rotor and S(4) = 1.67 for triaxial rotor with γ = π/6. In addition, for the triaxial model (γ-rigid or γ-soft) shapes exhibit staggering with positive S(J) values at even-J and negative S(J) values at odd-J spins, while this behavior is inverted for the γ-unstable model. This particular feature is related to the considered approach to the γ-band. Despite the obtained good rms values for the energy spectra of all studied nuclei, only a handful of them present oscillation in S(J) in concordance with the experimental data and in conformity with the theoretical predictions in [40, 41] , like for example, the three P t isotopes proposed in Ref. [8] and the new candidate nucleus 114 Pd. In Fig.  (3) , we plot the theoretical staggering behavior S(J) for 114 Pd and 192 Pt for a = 0 and a = 0 compared with experimental data and Z(4) model [5] . From this figure, one can see the effect of the deformation dependent mass parameter, particularly in the higher angular momentum region where the staggering amplitude is apparently reduced tending to the experimental one. Moreover, as it is shown, the best representative for triaxial γ band, within the Z(4) symmetry, is the staggering function for the 192 Pt nucleus, while, for the 114 Pd isotope, we note that the oscillation amplitude of the theoretical staggering S(J) increases quickly with J compared to the experimental curve. [43, 44] and Z(4) model [5] .
Such a behavior could also be seen in figures (4) and (5) where the energy spectra of 114 P d and 192 Pt are presented with corresponding calculated transition rates compared to experimental data. Here, we have to notice that in the case of 114 Pd nucleus, the experimental transition rates are not available and the given values in the spectrum correspond to our theoretical predictions. Therefore, a further investigation for this nucleus, within the Z(5) symmetry, is necessary. In addition, as we have previously revealed in [45] , in the γ-band of the spectra Fig. (4) and Fig. (5) , one can see that the levels 6 + and 7 + as well as the higher levels have not a natural ordering. Such a fact, which is observed only in triaxial shape nuclei could be regarded as a strong signature of our predictions, particularly in the case of the newly proposed candidate, namely : 114 Pd. 
Electromagnetic E2 transitions
Other important empirical observables for the quadrupole collective states, are the electromagnetic E2 transitions. In Table ( 3), we present several representative B(E2) transitions normalized to the transition from the first excited level in the ground state band (gsb) and calculated with Z(4)-DDM-D model for seven nuclei, using the same optimal values of the two free parameters obtained from fitting the energy spectra for each nucleus. From the obtained theoretical results, one can remark an overall agreement with experiment for the B(E2) transition rates within the intraband of the gsb for which experimental data are available. Also, as can be seen, there are some discrepancies in the ground state band of some isotopes like 192, 194 Pt for which Z(4)-DDM-D predict increasing values with respect to L, while the experimental values show a decreasing trend. So, as in Ref. [46] we can partly remedy to this problem by inserting anharmonicities in the transition operator (36) . Consequently, the B(E2) between states from different bands can also be improved. For the intra-band transition from the γ band to the gsb, our model gives good results, while for transition from the β band to the gsb, the agreement is only partially good.
Variable moment of inertia into Z(4)-DDM-D
Another interesting aspect of the present model consists of extending the Variable Moment of Inertia (VMI) model [31] into the DDM framework, based on the equilibrium condition in which the energy of a nucleus is minimized with respect to the moment of inertia for each value of the angular momentum (∂E(J)/∂J| L=cst = 0). Therefore, in this study we propose to determine the pairs (a, β 0 ) corresponding to critical values of energies for any L separately by maximizing the first derivative of the energy ratio, within ground state band R 0,0,L (42), with respect to β 0 . As can be seen in Fig. (6) , the R 0,0,4 ratio (left panel) increases with both a and β 0 until it reaches asymptotically a certain value, while in the plot of the partial derivative (right panel), one can observe that the surface exhibits a pronounced maximum for values of a close to zero and smoother when a increases. Besides, in the present treatment, an interesting behaviour is observed after calculating the critical values (a c , (β 0 ) c ), which correspond to critical R 0,0,L energy ratio of the ground state band [5] developed with an infinite-well potential in the β collective variable. In contrast, the gap widens between both models with the higher angular momentum. Furthermore, in order to examine whether our model is also capable to reproduce "downbending" effect [47] for the moment of inertia (J) i.e. cases where, for higher L, J decreases after back bending, we insert the calculated critical values of the pairs (a, β 0 ) parameters in the following formula
As it can be seen from Fig. (7) (panel d), the moments of inertia values derived from the energy ratio of ground state band, show a linear increase for small angular momenta up to L = 8. Indeed, in this angular momentum region the a c remains equal to zero. In contrast, J decreases with higher angular momentum L, when a c starts taking non-zero values. This "downbending" effect has also been observed in axial symmetric nuclei [47, 48] . The combined effect of both deformation dependent mass parameter a and the potential minimum β 0 on energy spectra has been duly investigated. Moreover, the effect of the parameter a on staggering amplitude in the two nuclei 192 Pt and the newly proposed, in this work, candidate 114 Pd for triaxial shape has been examined. However, it is to be noted that a further investigation should be performed in order to prove whether the isotope 114 Pd is effectively a good Z(4) or Z(5) candidate. The systematic study of the Z(4)-DDM-D behaviour within the Variable Moment of Inertia approach has shown that Davidson potential is more appropriate to reproduce the "downbending" effect of the moments of inertia for the critical values of a and β 0 .
A Asymptotic Iteration Method (AIM)
The asymptotic iteration method [22] is proposed to solve the second-order homogeneous differential equation of the form
where the variables λ 0 and s 0 are sufficiently differentiable. The differential equation (45) has a general solution [22] y
If we have n > 1, for sufficiently large n, α(x) values can be obtained
with the sequences
The energy eigenvalues are then computed by means of the following termination condition [22] 
Recently, the method has been further improved for the exactly solvable problems [23] . By rewriting the second-order differential equation Eq. (45) in the form
where κ n is a constant, which comprises the eigenvalues. Then, the energy eigenvalues are obtained from [23] 
